arXiv:1508.05936vl [math.SP] 24 Aug 2015 


MULTI-INTERVAL STURM-LIOUVILLE BOUNDARY-VALUE PROBLEMS 
WITH DISTRIBUTIONAL POTENTIALS 


ANDRII GORIUNOV 

Abstract. We study the multi-interval boundary-value Sturm-Liouville problems with distributional po¬ 
tentials. For the corresponding symmetric operators boundary triplets are found and the constructive descrip¬ 
tions of all self-adjoint, maximal dissipative and maximal accumulative extensions and generalized resolvents 
in terms of homogeneous boundary conditions are given. It is shown that all real maximal dissipative and 
maximal accumulative extensions are self-adjoint and all such extensions are described. 


In recent years the interest in multi-interval differential and quasi-differential operators has increased 
(see mmmm). The main attention is paid to the case where a (quasi-)differential expression is formally 
self-adjoint. From the operator-theoretic point of view this corresponds to the situation where we inves¬ 
tigate extensions of a symmetric (quasi-)differential operator with equal deficiency indices in the direct 
sum of Hilbert spaces on the basis of Glazman-Krein-Naimark theory [|5lO|71|8]|. In the present paper we 
develop another approach to such problems based on the concept of boundary triplets [l9l[T0l. 

Let m e N, a = ao < ai < ■ ■ ■ < am = b he a partition of a finite interval [a, b] into m parts and on every 
interval (a,_!,«;), f G {1,... ,m} let the formal Sturm-Liouville expression 

( 1 ) hiy)^-{pi{t)yy + qi{t)y 


be given. Here, the measurable finite functions pi and Qi are such that 
(2) l/pi, Qi/pi, Q^ijPi e Lx ([a/_i,a/],M), 

the potentials qi = 2^ and the derivative is understood in the sense of distributions. 

For m = 1 the boundary-value problems for the formal differential expression ([T]) under assumptions 
I© were investigated in ifTTI on the basis of its regularization by Shin-Zettl quasiderivatives. In this paper 
the most of the results of is extended onto the case of an arbitrary m G N. 

We introduce the quasi-derivatives 

Df^y = y, 

D^l'^y = Piy' - Qty, 

nP] ^n[i] ,0 

D- ^y= (D) y] -I-D - -y. 

Pi Pi 

on every interval (a/_i,a,), as in IfTTlI . 

Then the maximal and minimal operators 

A-,1 :y^li[y\, Dom(L,',i) := |y GL 2 y, gAC([ a,_i,a,■],€), Df'y gL2|, 

Lip : y li[y\, Dom(L,-,o) := e Dom(L,-,i) Df^y(a,_i) = Df'y(a,) = 0, k = 0,11 

are defined in the spaces L 2 ((a,_i,a;), C). According to IfTTlI the operators Lip are closed and densely 
defined in L 2 ([a,-i, a,], C). The operator Lip is symmetric with the deficiency indices (2,2) and 

^p = U^. Llx=Up. 


Recall that a boundary triplet of a closed densely defined symmetric operator T with equal (finite or 
infinite) deficiency indices is called a triplet (//,ri,r 2 ) where H is an auxiliary Hilbert space and Fi, r 2 
are the linear maps from Dom(r*) to H such that 
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(1) for any f,g G Dom(r*) there holds 

(T'f, g)jf - (/. rg)j^ = (r,/, T2g)„- {T2f, r,g)«; 

(2) for any there is a veetor / G Dom(r*) sueh that Fi/ = and T 2 f = gi¬ 

lt is proved in [[TT]l that for every i= 1,.. .,m the triplet (C^,ri,,,r 2 ,/), where ry/,r 2 ,i are linear maps 

ri,,y := )) , r2,,y := (y(ai_i+),y(a—)), 

from Dom(L, i) to is a boundary triplet for the operator L,-o- 

We eonsider the spaeeL 2 {[a,b],C) as a direet sum ©"ijL 2 ([a,_i,a,],C) whieh eonsists of veetor fune- 
tions / = sueh that ft G Li ([a,^i,a,],C). In this spaee we eonsider operators L^ax — 

■^min = 

Then the operators L^ax, Lmin are elosed and densely defined in Li {[a,b],C). The operator L min is 
symmetrie with the defieieney indiees (2m, 2m) and 

f* — T I* —I 

■^min ~ -^max, -^max ~ -^mm- 

Note that the minimal operator may be not semi-bounded even in the ease of a single-interval 
boundary-value problem sinee the funetion p may reverse sign. 

Theorem 1. The triplet Fi, r 2 ) where Fi, F 2 are linear maps 

Fiy := (Fi4y,Fy2y,...,Fy„y), F2y := (F2,iy,F2,2y,• • • ,r2,m}^) 

from Dom{Lmax) onto C^'” is a boundary triplet for Lmin- 

Denote by Lk the restrietion of L max onto the set of funetions y{t) G Dom(Lmax) satisfying the homo¬ 
geneous boundary eondition 

{K-I)Yiy + i{K + I)Y 2 y = 0. 

Similarly, denote by the restrietion of L^ax onto the set of funetions y{t) G Dom(Linax) satisfying 
the homogeneous boundary eondition 

{K-l)Yiy-i{K + l)Y 2 y = 0. 

Here is a bounded operator in C^'”. 

The eonstruetive deseription of the various elasses of extensions of the operator Lmin is given by the 
following theorem. 

Theorem 2. Every Lk with K being a contracting operator in is a maximal dissipative extension of 
Lmin- Similarly every L^ with K being a contracting operator in is a maximal accumulative extension 

of the operator Lmin- 

Conversely, for any maximal dissipative (respectively, maximal accumulative) extension L of the oper¬ 
ator Lmin there exists the unique contracting operator K such that L = Lk (respectively, L = L^). 

The extensions Lk and L^ are self-adjoint if and only ifK is a unitary operator on 

Reeall that a linear operator T aeting in L 2 ( [a, b] , C) is ealled real if: 

(1) for every funetion / from Dom(r) the eomplex eonjugate funetion / also lies in Dom(r); 

(2) the operator T maps eomplex eonjugate funetions into eomplex eonjugate funetions, that is T (/) = 

n7). 

One ean see that the maximal and minimal operators are real. 

Theorem 3. All real maximal dissipative and maximal accumulative extensions of the minimal operator 
Lmin (^re self-adjoint. The self-adjoint extension Lk or L^ is real if and only if the unitary matrix K is 
symmetric. 

Let us reeall that a generalized resolvent of a elosed symmetrie operator L in a Hilbert spaee is an 
operator-valued funetion X Rx defined on C \ M, whieh ean be represented as 

Rxf = P^{T^-^l^Y'f. /e^, 
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where is a self-adjoint extension of T which acts in a certain Hilbert space D 7+ is the 
identity operator on and 7’+ is the orthogonal projection operator from onto Jif. It is known 
that an operator-valued function Rx is a generalized resolvent of a symmetric operator T if and only if it 
can be represented as 




r+-d{F^f,g) 

L ii-x ’ 




where is a generalized spectral function of the operator T, i. e. /i h-)■ is an operator-valued function 
F^ defined on R and taking values in the space of continuous linear operators in with the following 
properties: 


(1) forux > /ii the difference is a bounded non-negative operator; 

(2) F^+ = Fg for any real jd; 

(3) for any x e there holds 


lim \\Fux\\^ = 0, lim ||F„y-y||^ = 0. 

f_l —y—oo l_l —y-j-co 

The following theorem provides a description of all generalized resolvents of the operator L min - 


Theorem 4. 1) Every generalized resolvent Rx of the operator Lmin in the half-plane ImX < 0 acts by the 
rule Rxh = y, where y is a solution of the boundary-value problem 

l{y) =XyFh, 

{K{X)-I)T,f + i{K{X)+I)T2f = Q. 

Here h{x) G L 2 {[a, b ], C) and K{X) is a 2m x 2m matrix-valued function which is holomorphic in the lower 
half-plane and satisfies \ |7r(A) 11 < 1. 

2) In the half-plane ImX > 0 every generalized resolvent of Lmin nets by the rule Rxh = y where y is a 
solution of the boundary-value problem 

l{y) =XyFh, 

{K{X)-I)T,f-i{K{X)Fl)T2f = 0. 

Here h{x) G F 2 ( [a, b ], C) and K{X) is a Im x 2m matrix-valued function which is holomorphic in the lower 
half-plane and satisfies \ |7r(A) 11 < 1. 

The parametrization of the generalized resolvents by the matrix-valued functions K is bijective. 
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